Cosmological perturbation theory fails in the new ekpyrotic scenario before the scale factor of the Universe reaches zero. As a result, the scenario does not provide a mechanism for generating the observed curvature perturbation at the bounce.
Introduction It is now clear that the dominant cause of large-scale structure in the Universe is a perturbation in the spatial curvature [1] . The perturbation exists already when cosmological scales are approaching horizon entry, at which stage it has an almost flat spectrum. It presumably originates during an early era of superluminal evolution, defined as one in which comoving scales are leaving the horizon, at the beginning of which the entire observable Universe is inside the horizon. During superluminal evolution the curvature of the Universe in Hubble units is decreasing, explaining naturally the near-flatness of the observable Universe.
The usual hypothesis concerning the superluminal era is that it is one of expansion, or in other words an era of inflation, with slowly varying Hubble parameter H. During inflation, each canonically-normalized light scalar field acquires a perturbation with a flat spectrum, and this provides a natural origin for the observed curvature perturbation. The curvature perturbation might be generated directly during inflation from the perturbation in the slowly-rolling inflaton field [1] , or indirectly [2] by a different field (curvaton) whose isocurvature density perturbation is converted into a curvature perturbation during some radiation-dominated era after inflation.
The alternative to inflation is an era of superluminal collapse (negative Hubble parameter) giving way at some stage to expansion (positive Hubble parameter). The theory describing the bounce cannot be standard field theory with Einstein gravity, corresponding to an action of the form
The reason is that the energy density ρ and pressure P in such a theory satisfies the null energy condition ρ + P ≤ 1, which implies that the Hubble parameter decreases monotonically. The bounce might be described by a non-standard four-dimensional field theory, but more plausibly would involve extra dimensions and/or string theory.
The pre-big-bang scenario Until recently, only one type of superluminal collapse has been considered, and the scenario involving it is termed simply the pre-big-bang scenario [3, 4] . In this scenario the action is supposed to have the standard form Eq. (1) during both collapse and expansion, up to some maximum energy density ρ b . This is the bounce energy density, which is supposed to correspond to the string scale and is at or below the Planck scale ρ P = M 4 P = (2 × 10 18 GeV) 4 . During pre-big-bang collapse, the energy density of the Universe comes from a scalar field φ with no potential. Taking time t as negative this leads to scale factor a ∝ |t| 1 3 corresponding to H ≡ȧ/a = 1/3t. The same result is obtained if there are several such fields, each giving a fixed fraction of the energy density.
The ekpyrotic scenario Recently a different mechanism for superluminal collapse has been proposed, termed the ekpyrotic mechanism [5, 6] . It invokes an extra dimension in which two branes are attracted towards each other. After integrating out the extra dimension one obtains superluminal four-dimensional collapse, in which the the energy density and pressure are dominated by a canonically-normalized field φ which corresponds to the distance between the branes. The action is of the standard form Eq. (1),
the remaining terms having negligible effect on the evolution of φ. From some very early time, until after cosmological scales have left the horizon, the potential is taken to be
with p ≪ 1, and φ is supposed initially to be almost time-independent. This leads to power-law collapse a ∝ |t| p in which the Hubble parameter and energy density are related by the Friedmann equation
The energy density increases during collapse, but it is always small compared with |V | by virtue of the condition p ≪ 1. Two versions of the ekpyrotic scenario have been proposed [5, 6] and in each of them it is claimed that the observed curvature perturbation can be generated by the quantum fluctuation of the field φ. In an earlier note [7] we demonstrated that the calculation in [5] is invalid because it ignores the effect of the metric perturbation on the field evolution (gravitational back-reaction. When this is taken into account the spectrum has strong scale-dependence just as in the pre-big-bang scenario. The main purpose of the this note is to show that the calculation in [6] is also invalid, because it invokes cosmological perturbation theory a regime where the Universe is strongly perturbed.
The comoving curvature perturbation To define the cosmological perturbations one has to choose a gauge (coordinate system) which defines a threading and slicing of spacetime. Let us denote a generic perturbation by the symbol g. At each moment of time, it is Fourier-expanded in comoving coordinates
with k/a the wavenumber. Its spectrum is defined by [8, 9, 1] 
where the brackets denote an ensemble average. (On the usual supposition that perturbations originate as quantum fluctuations, the brackets denote the quantum expectation value.) The formal expectation value of g 2 (x) at any point in space is
and P
2
g is the the typical magnitude of a fluctuation in g(x) with size of order 1/k. The perturbation has a time-dependence, which is inherited by the spectrum,
To define the spatial curvature perturbation we need a slicing of spacetime, which is best taken as the one orthogonal to comoving worldlines, the comoving slicing. Its line element may be written
and R defines the curvature perturbation. 1 This is the best choice because under very general circumstances R is time-independent on super-horizon scales. As a result, the curvature perturbation that is generated in the very early Universe should be the one that is observed as cosmological scales start to enter the horizon.
There is also a slicing with no curvature perturbation, the flat slicing. If the displacement from the flat slicing to the comoving one is δt(x, t) the curvature perturbation on the latter is R = |H|δt. (A similar formula actually gives the curvature perturbation on any slicing.) Whenever the energy density and pressure are dominated by single field φ, this field is uniform on comoving slices [11] . It follows [12] that R = −|H|δφ/φ, where δφ is defined on the spatially flat slicing. (It is the 'gauge-invariant' field perturbation of [13, 14] .)
The curvature perturbation in the pre-big-bang scenario The spectrum of the curvature perturbation during superluminal evolution is found by a standard method [1] . In the pre-big-bang case one finds [3, 4] , well after the epoch aH = k of horizon exit,
This spectrum is time-independent except for the logarithim, and corresponds to spectral index n = 4. Assuming that the curvature perturbation is continuous across the bounce it has to be generated in the pre-big-bang scenario after the bounce by some curvaton field. To possess a flat spectrum in the face of the rapidly-varying H, this field must have [15, 4, 16, 2] a suitable initial condition, and a suitable coupling to φ. An alternative proposal might be to generate the curvature perturbation (or conceivably a curvaton field perturbation) during the bounce, but such a thing has never been suggested let alone a mechanism for achieving it.
The curvature perturbation in the old ekpyrotic scenario In the old ekpyrotic scenario [5] it is supposed that the brane collision corresponds to some finite field value φ, corresponding to energy density ρ. After the collision the Universe is expanding with the same initial energy density. In this scenario the spectrum of the curvature perturbation during collapse can be calculated in exactly the same way as for the pre-big-bang, but taking into account the exponential potential.
2 Well after horizon exit, to leading order in k/aH, the spectrum [7] is time-independent with spectral index n ≃ 3. Just as in the pre-big-bang case, the observed curvature perturbation must be generated either at the bounce, or afterwards by some curvaton field. This conclusion is specific to the exponential potential Eq. (3) but there is no reason to think that a different potential would give the necessary flat spectrum and in any case something like Eq. (3) is motivated by string theory. The conclusion is that the curvature perturbation in the old ekpyrotic scenario has to be generated either at the bounce or subsequently by a curvaton field.
As mentioned already, it is essential when calculation the spectrum of the curvature perturbation to include the gravitational back-reaction. The original ekpyrotic paper [5] (see also [18] ) ignores the back-reaction and arrives at the incorrect conclusion that the spectrum of the curvature perturbation generated during collapse is flat. Since the curvature perturbation is assumed in [5] to be continuous across the bounce, this leads to apparent agreement with observation without any need of a curvaton field.
The curvature perturbation in the new ekpyrotic scenario In the new ekpyrotic scenario [6] it is supposed on the basis of string theory that the brane collision corresponds to φ = −∞. There are now two stages of collapse. In the first stage, which ends only after cosmological scales have left the horizon, the potential is given by Eq. (3). In the second stage, the potential falls and becomes negligible compared with the kinetic term so that the evolution of perturbations is the same as in the pre-big-bang scenario. This stage ends when φ = −∞, corresponding to infinite energy density, infinite Hubble parameter and zero scale factor a. The branes then collide and the expansion of the Universe begins, but in contrast with the old ekpyrotic scenario the branes move apart after the collision so that the field φ continues to exist, now without any potential at all. Its contribution to the energy density falls like a −6 , to which is added the energy density of radiation produced by the brane collision. The latter falls like a −4 and eventually dominates. The general idea of the new ekpyrotic scenario, developed in an earlier related paper [21] , is that the underlying five-dimensional theory is non-singular as one goes through the bounce, so that it may in some sense be permissible to allow the four-dimensional scale factor to go through zero. The standard field theory action Eq. (1) is supposed in some sense to remain valid all the way down to a = 0. It is of course well-known that Eq. P . This problem is clearly recognized in [21] ("there is concern that the quantum fluctuations become uncontrolled at t = 0").
Nevertheless, the action of Eq. (2) is used in [6] to calculate a curvature perturbation which, after the bounce, has the flat spectrum required by observation. The purpose of this note is to point out that the calculation is invalid, because it invokes linear cosmological perturbation theory in a regime where the perturbations in fact become infinite. In other words, even if one ignores the quantum fluctuations, the classical perturbation of the Universe becomes infinite at t = 0.
The calculation in [6] starts with the Bardeen potential [10] , which is usually defined as the spatial curvature perturbation in the conformal Newtonian gauge;
Alternatively, it may be defined in terms of the density contrast δ ≡ δρ/ρ defined on comoving slices (the Bardeen [10] variable ǫ m ),
The definitions are equivalent within linear perturbation theory, but the first one requires |Φ| ≪ 1 which is quite restrictive [10] and the second one is preferable.
The spectrum of Φ during the first stage of collapse may in principle be calculated in exactly the same way as the spectrum of R, using the evolution equation for the field perturbation δφ N and imposing the same condition of an initial vacuum state. (A simpler technique [22, 6] is to consider the evolution of Φ, using its relation with φ N only to impose the initial vacuum condition. A third method would be to deduce P Φ from the (slowly-varying) P R , using Eq. (8) with Eq. (16) below.) It turns out that during this stage the evolution of δφ N is not much affected by gravitational back-reaction and one finds
The last factor gives the effect of gravitational back-reaction. The idea behind the proposal of [6] is that the flat spectrum Eq. (13) of the Bardeen potential may be converted at the bounce into a flat spectrum for R, through the coupled evolution equations of Einstein gravity. In these equations, anisotropic stress may presumably be ignored on the super-horizon scales of interest. The coupled equations are then [8, 9, 1]
where δP is defined on the comoving slicing. The non-adiabatic pressure perturbation δP nad ≡ δP − (Ṗ /ρ)δρ is also ignored on on super-horizon scales, which is appropriate in a scenario where one is trying to generate the curvature perturbation without a curvaton [2, 16] field. Then Eq. (15) becomes
where c 2 s ≡Ṗ /ρ. Eqs. (14) and (16) form a closed system with two independent solutions. From Eq. (16) it follows that R is practically constant provided that c 2 s |δ| ≪ (1 + w)|R|. This condition is very well satisfied in the expanding Universe for any reasonable initial condition and any reasonable behavior of a and w [9, 1] . It is satisfied during the first stage of ekpyrotic collapse and marginally violated during pre-big-bang collapse.
During both stages of ekpyrotic collapse the left hand side of Eq. (14) is negligible leading to Φ ∝ H/a. Using this result and Eqs. (8) and (13), the spectrum of δ in the limit t → 0 when the potential has become negligible is given by P 1 2 δ → Ak 1+p with A a constant. Using Eqs. (8) and (14) this implies that the spectrum of R is logarithmically divergent, 6P R δ ln |t|. Now we come to the crucial point. Because R is divergent, the authors of [6] focus on δ. Combining Eqs. (16) and (14) gives an equation of the form [10, 17] δ + A(t)δ + B(t)δ = 0 .
Assuming that this equation remains valid when R goes infinite, the authors of [6] impose a scale-independent continuity condition on δ(t) across t = 0. This leads at t > 0 to a Bardeen potential with the mild scale dependence given by Eq. (13), and to a curvature perturbation which by the time of radiation domination has the same scale-dependence, which can agree with observation.
The main purpose of the present paper is to show that the analysis of [6] is incorrect because the assumption that Eq. (17) holds through t = 0 is incorrect. Consider first the situation for comoving slices. Since R(x) is the fractional metric perturbation of comoving slices, and the Einstein equation is non-linear in the metric, cosmological perturbation theory using these slices will clearly break down on a given scale k when there are fluctuations on that scale with magnitude |R(x)| ∼ > 1, corresponding to the regime P R (k) ∼ > 1. (More directly one can note that the curvature scalar is R (3) = 4(k 2 /a 2 )R, so that on each scale R(k) is the typical curvature of a region with size 1/k.) It follows that Eq. (17), with δ defined as the density contrast on comoving slices, will become invalid in that regime.
We cannot immediately conclude that Eq. (17) has no validity at all, because a cosmological perturbation specified in one gauge can always be redefined as a linear function of the perturbations specified in any other gauge. This opens up the possibility that δ might be redefined in such a way that Eq. (17) remains valid even as R → ∞. The Bardeen potential provides an example of the kind of thing we have in mind. In the regime P Φ ≪ 1 it may be defined either by Eq. (11) as the spatial metric perturbation in the conformal Newtonian gauge, or by Eq. (12) as a multiple of the density contrast δ on comoving slices. On a given scale, we leave the regime P Φ ≪ 1 during ekpyrotic collapse while still in the regime P R ≪ 1. Then Eqs. (16) and (14) no longer hold if Φ is defined by Eq. (11) but they do continue to hold if it is defined by Eq. (12) .
To invalidate the argument of [6] we have to show that in the regime P R ∼ > 1, there is no gauge in which cosmological perturbation theory is valid. This follows very easily from the equations [10, 1] giving the density contrast δ s and the curvature perturbation R s defined on a generic slicing, separated from the comoving one by time displacement δt(x, t),
For cosmological perturbation theory to be valid in any gauge we need both |R s | ≪ 1 and |δ s | ≪ 1, the latter being necessary so that the Gauss-Codazzi relation [10] is close to the unperturbed one (the Friedmann equation). But we are considering the regime where fluctuations of typical coordinate size 1/k satisfy |R| ∼ > 1 and |δ| ≪ 1. In this regime, no choice of δt will take us to a gauge in which cosmological perturbation theory is valid. Cosmological perturbation theory is invalid in every gauge, and there is no choice of threading and slicing which makes spacetime close to a Robertson-Walker spacetime.
More generally, Eq. (18) clearly implies the following theorem. Cosmologocal perturbation theory fails if R diverges while δ and (1 + w) −1 remain finite. The proviso about w fails in a Universe dominated by a scalar field whose time-derivative momentarily vanishes; then one can have R → ∞ without a failure of cosmological perturbation theory.
Continuity conditions during cosmological transitions
We have seen that R is not generated during either pre-big-bang or ekpyrotic collapse, and that the scheme in [6] for generating it at the bounce in the ekpyrotic case does not work. We end by asking a more general question. Extending the definition of the bounce energy ρ b given already for the pre-big-bang scenario, let us in the ekpyrotic scenario (old or new) define the bounce energy ρ b as the value during collapse at which the action of Eqs. (2) and (3) fails. The question now is; might the observed curvature perturbation be generated at the bounce? Before considering the case of a bounce, we want to comment on a treatment in the literature [23, 24] (see [25] for earlier references) of the analogous case of a rapid change in pressure in the expanding Universe, approximated as a discontinuity across a specified slice. The main object of the authors is to shed light on the constancy of R, and they have in mind the transitions from slow-roll inflation to matter-or radiation domination, as well as any subsequent transitions between the two latter phases. They invoke the generic junction condition of General Relativity (GR) across a slice of spacetime marking a discontinuity in the spacetime curvature. By smoothing the discontinuity and applying the field equation, one finds [26] that the extrinsic curvature of the slice is the same on both sides (and, obviously, the intrinsic curvature). This is simply the statement, applied to the field equation, that a quantity whose spacetime derivatives are finite cannot change significantly during a very sharp transition. It begs the question "how sharp is sharp?" which has to be answered case-by-case.
In the present case the transition on super-horizon scales may be considered to take place on a comoving slice (equivalently a slice of uniform energy density but we already have the equations in place for the comoving case). Eqs. (14) and (15) imply that respectively Φ and R are continuous across the slice if the transition is sufficiently short. However, the timescale for the transitions mentioned is typically the Hubble time. Using that time-scale, Eq. (14) implies that the fractional change in Φ is generically of order 1 while Eq. (15) provides no estimate at all for the fractional change in R. We reach the unfortunate conclusion that the junction conditions of GR are inappropriate for cosmological transitions, and shed no light on the constancy of R. The constancy of R is a consequence of the adiabaticity of the pressure perturbation, and is violated during a transition from radiation domination to curvaton (matter) domination precisely because the pressure perturbation during the transition is not adiabatic [2] .
Next we look at the old ekpyrotic scenario. There, the collapsing Universe described by Eqs. (2) and (3) persists until essentially the moment of contact between the branes, giving way sharply to an expanding Universe dominated by the radiation and/or matter generated by the brane collision. Since φ corresponding to the brane distance is uniform on comoving slices, this corresponds to a sharp bounce which occurs on a comoving slice of spacetime. For a sufficiently sharp bounce the continuity of R across the bounce is then automatic, but again the question is, "how sharp is sharp?", which cannot be answered using the relevant action Eq. (2).
Finally we come to the generic case, of pre-big-bang or ekpyrotic collapse (old or new). The continuity of R and Φ claimed in [23, 24] for the expanding Universe has been claimed also in the pre-big-bang [23] and the (old) ekpyrotic case [22, 27] . We have just seen that the original claim rests on the GR evolution equations Eqs. (14) and (16), which show that the extrinsic curvature is continuous provided that the transition to be in sufficiently sharp. Let us suppose first that GR is indeed valid during the bounce. In the unperturbed Universe the extrinsic curvature tensor corresponds to the Hubble parameter, which is not continuous across the bounce, but instead reverses its sign. The bounce clearly does not correspond to a sharp transition, defined in this context as one which is too short for the field equations to cause significant evolution. As in the expanding case though, the behaviour of the perturbations is to be established by looking at their evolution equations. It has been shown recently [28] that if GR holds during the bounce, cosmological perturbation theory fails at some point during the bounce. 4 Alternatively, a description of the bounce may require a theory going beyond GR, involving string theory and/or extra dimensions. To date no such description has been given, but it seems to the present author that the generation of a scale-dependent curvature perturbation within such a description would be a gift of Nature that we have no reason to expect.
Conclusion It is difficult to generate the observed curvature perturbation in the prebig-bang and ekpyrotic scenarios. It cannot be generated during collapse and there is no known mechanism for generating it at the bounce either. Subsequent generation by a suitable curvaton field is possible, but the curvaton must have a suitable non-canonical kinetic term and a suitable initial value. All this is likely to hold in any scenario where inflation is replaced by superluminal collapse, because it stems from the fact that the Hubble parameter is rapidly varying. By contrast the curvature perturbation is easily generated in the inflation scenario, either directly by the inflaton field or indirectly by a curvaton field.
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